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Abstract 

For a two spin-1 particles system, we derive a new Bell's type inequality for 
local hidden variables model. For the singlet state for two spin-1 particles, we 
show that the inequality is violated while it is satisfied for the direct product 
state. 
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In 1965, Bell demonstrated that an interpretation of quantum theory in terms of local 
hidden- variables (LHV) is impossible [1], using inequalities now universally known as Bell 
inequalities. In 1969, Clauser et al. [2] showed that these inequalities might be test ex- 
primentally. Since then, a series of experiments, of increasing precision and making use of 
various atomic sources and detection arr augments, have been carried out to test one version 
or another of Bell inequalities [3,4]. These inequalities studied are based on a 2 (g) 2 Hilbert 
space. For a particle, the case that it's dimension is more than 2 has been discussed by the 
famous Bell-KS theorem[5] , which concerns the results of a (counterfactual) set of measure- 
ments on quantum state described by a vector in a three dimensional Hilbert space. They 
consider, for example, measurements of the squares of the three angular momentum com- 
ponents of a spin-1 state. They assume that the corresponding operators commute and can 
be measured simultaneously, providing one "yes" and two "no's" to the questions "Does the 
spin componet along a,b, a x b vanish?" for any a J- b & S^, the unit sphere in R^. Specker 
[6] and Bell [7] observed that Gleason's theorem [8] implies that there can be no assignment 
of "yes's" and "no's" to the vector of consistent with this requirement: each triad is 
"colored" with one "yes" and two "no's". Certainly, Bell-KS theorem can be viewed as a 
proof for the contradictions between noncontextual LHV models and quantum mechanics. 

However, there are several pionts which weakened the Bell-KS theorem: first, noncon- 
textual LHV is just a special case of a more general one discussed in Bell's inequalities for 
2 (8) 2 Hilbert space; second, the Bell-KS theorem does not depend on the entanglement of 
the state, a spine -1 particle's state is enough, while the Bell's inequalities is not violated 
by a direct product state[9] . In other words, the contradiction of LHV models and quantum 
mechanics should depend on the fact that the system is entangled or not; and lastly, there 
are recently works [10-13] pointed out that finite precision measurement will nullify the 
Bell-KS theorem, this make the Bell-KS theorem untestable since the fact that the measure- 
ments yet known have finite precision. Comparing with studying of the spin-half particles, 
the situation of the higher spin case is rather unsatisfying. Recently, M.Zukowski et al. 
[14] showed that higher-dimensional two-particle entanglements are realizable via multiport 

2 



beam splitters, and the results presented in their paper move the discussion on entangled 
higher-than-1/2 spin systems from the realm of gedanken-experiments to real expriments. 
Being motivated by their work, here we shall let the 3 (8) 3 case to be considered in a way 
simihar to what Bell's theorem has done for the 2 ®2 case. There has been a series of 
works studying the case that the Hilbert dimension N for each particle is more than two. 
First results, in 1980-1982, suggested that the conflict between local realism and quantum 
mechanics diminishes with growing N [15-17]. In the early 1990's Peres and Gisin [18-19] 
considered certain dichotomic observables applied to maximally entangled pairs of parti- 
cles, they showed that the violation of local realism survives, while N is growing, but never 
exceeds the factor ^J2. Recently, D.Kaszlikowski et al [20] investigated the general case 
of two entangled quantum systems defined in N-dimensional Hilbert spaces( they called it 
"quNits"), and via a numerical linear optimization method they showed that violations of 
local realism are stronger for two maximally entangled quNits (3 < TV < 9) than that for 
two quNits and they are increase with N , while the two quNit systems is described by a 
special mixed state. In present paper, only the case N=3 is concerned: first we shall derive 
a inequality for a 3 (8) 3 Hilbert space from locality and reality; then, using the singlet state 
of two spin-1 particles system, we shall show that the inequality is violated. The inequality 
is satisfied for the direct product state of the two spin-1 particles system. 
The singlet state for two spin-1 particles are 

1^) = ^(|mi = l)\m2 = -1) - |mi = 0)|m2 = 0) + |mi = -l)\m2 = 1)), (1) 
v3 

where |mj) denotes the eigenvetor of spin operator S along the direction z, Si{z)\mi) — 
mi\mi), {rrii = 1,0,-1) for particle i(i=l,2). Let \m'j) to be the eigenvector of S'(/?j), 
S{(3i)\m'j) — m[\m'j){ for simplify, we have let the directions in the x-z plane, and each 
direction is viewed as a rotation /? along the y axis), there is a connection between |mj) and 

K)^^^,Dj,mmj), (2) 

and the rotation matrix is 
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With the singlet state(l) as a source, particle 1 propagates along the y axis, while particle 
2 in the -y axis. A Stern- Gerlach magnetic analyzer is put in a place where particle 1 will 
arrive at, and it will give the results for spin projection along a direction while a similar 
analyzer, which locates a distance away from the analyzer for particle 1, is used to measure 
the spin projection along /32 for particle 2. Now, the singlet state (1) can be written as 

1^) = i=(sin2(^iZ^)|i)|i) - ^sin(A - /32)|1)|0) + cos^(^^)|l)| - 1) 

+_Lsin(/3i -/32)|0)|1) -cos(/3i -/32)|0)|0) - sin(A - /32)|0)| - 1) (4) 

+ cos^(^^)| - 1)|1) + ^sin(/3i - - 1)|0) +sin2(^^)| - 1)| - 1)}. 

Defining the joint probability correlation 

Pmim2 = (*|mi)(mi| (g) |m2)(m2|^), (mi,m2 = 1,0, -1) (5) 

the singlet state in the form (4) give the following joint probabilities: 

Pii(/?i,/?2) = ^sin4(^^),Poo + ^'o,-i + P-i,o + /'-i-i = ^[l + sin^(^^)]. (6) 

We should prove that the correlation (6) can not be interpreted by LHV models. 

Assuming that the state(l) can be described by a set of parameters A, LHV models 
gives the probabilities Pm{(3i,\) and qn{P2, ^) for the two results that the spin projection 
along Pi is m for particle 1 and the spin projection along P2 is n for particle 2 respectively( 
m,n=l,0,-l). As a cosequence of the relation 

|mj = i){'>Tii = 1| + IrUi — 0)(mi = 0| + |mj = — l)(mj = — 1| — — 1, 2) (7) 

there is a natural conditions here 

o<Pi(/3i,A)+po(A,A)+p_i(/5i,A) < 1, 

< qi{/32, A) + go(/?2, A) + g_i(/32, A) < 1. (8) 
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It should be noted that Pm{Pi, A) does not depend on the settings of [32 , while qn{P2, A) 
is not depending on (3i either. They are required by the locality assumption, which aserts 
that experiments done on one place have no influence on the resluts of measurement done on 
the other place located a distance away if two measurements are performed simultaneously, 
and the joint probability should be 

PmniPl, P2) = / PmWl, A)gn(/?2, \)p{X)dX, (9) 

while 

/ p{\)d\ = 1. (10) 

In order to derive a inequality, we use the following simple algebraic theorem: giving six 
real numbers x,x',X,y,y' and Y, such that < x,x' < X,0 < y,y' <Y one must always have 

- XY<xy - xy' + x'y + x'y' - x'Y - Xy<0 (11) 

The proof of it has been given by Clauser and Horne [21]. Making the identifications 
X — pi{l3i, X),x' — pi{P[,X),y — qi{(32,X),y' — qi{P2,X), and taking X=Y=l(since the 
natural conditions), one can obtain 

pi(^i, A)gi(/?2, A) - pi(/?i, X)qi{(3i A) + pM, X)qM, A) 

+ ipo{P[, A) + P-M, X)){qoiP2, A) + q-ii(32, A)) < 1, (12) 

through using the natural conditions(8). Intergrating over p(A), a inequality for 3(8)3 Hilbert 
space can be dereived : 

S = Pll(/3l,/32) - Pll(/?l,/?2) + PiM,f3'2) 

+P00{P[,f32)+P0-M,P2) (13) 
+P-10iP'l,P2)+P-l-M,f32)<l. 

It can be easily shown tha this inequality will be violated by the quantum joint probability 
given in eq.(6). Choosing the following sets of the angles /3i = 0,/3[ = 2/^2, P'2 = 3/^2, and 
P2 — 147.7degree, we get a contradiction 

5 



,S=1.12<1. (14) 

Certainly, the above S is less than the factor 4/3 given in case of the multiport beam 
splitter [14]. 

If the state is a direct product state, for example 

l*') = |l)|0), (15) 

now the probability is 

Pu{Pi,P2) = cos^ Y sin"^ Poo = 1 sin^ (3i sin^ f52, Po,-i = ^ sin^ /3i cos^ y , (16) 
P_i,o=2^°^ Y^™ /32,-P-i-i =sm ycos —, 
then, we have the following form 

CI 4 A • 4 4 Pi . 4 P2 , 4 /^l • 4 , /I 4/^l\/i • 4 /^2 x /^-x 

5 = COS — sm COS — sm -f + cos — sm -f + ( 1 — cos — 1 — sm — ) , (17) 

2 2 2 2 2 2 ^ 2^^ 2^^ ^^^ 

while the ineqality (11) can be transfered into a form 

xy-xy' + x'y' + {l-x'){l-y)<l. (18) 

Comparing the above two forms, we know that 5* < 1 is always satisfied for direct product 
state and has no relation to the directions chosen. 

In conclusion, for the 3(8)3 Hilbert space, we have derived a inequality as Bell's inequality 
for the 2 (8) 2 case. For the singlet state for two spin-1 particles system, we show that the 
inequality will be violated while it is valid for the case when the two particle in a direct 
product state. 
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